We provide a fast and precise Mellin-space implementation of the O(α s ) heavy flavor Wilson coefficients for charged current deep inelastic scattering processes. They are of importance for the extraction of the strange quark distribution in neutrino-nucleon scattering and the QCD analyses of the HERA charged current data. Errors in the literature are corrected. We also discuss a series of more general parton parameterizations in Mellin space.
Introduction
The scale evolution in Quantum Chromodynamics (QCD) can be performed very efficiently in Mellin space. There the evolution equations of the twist-2 parton distributions and the corresponding observables become ordinary differential equations, unlike in momentum-fraction space, where integro-differential equations have to be solved numerically. In Mellin space, moreover, the evolution equations can be solved analytically, provided that the anomalous dimensions and Wilson coefficients can be represented at complex values of the Mellin variable N, cf. [1] . The transformation mediating between both representations is
where f (x) may be distribution valued. The anomalous dimensions and massless Wilson coefficients to 3-loop order are functions of the nested harmonic sums [2, 3] , see Refs. [4] . The nested harmonic sums S a (N) are meromorphic functions in the complex plane with poles at the non positive integers and in case that the first k indices a i are equal to one, they diverge ∝ ln k (N) for large values of N, [5] . They obey recursion relations for arguments N → (N + 1) in terms of harmonic sums of lower weight, which allow for shifts parallel to the real axis. Moreover, analytic asymptotic representations have been derived, [5, 6] , which are valid in the region of large values of N, |arg(N)| < π. One may derive effective numerical representations using the MINIMAX-method [7] , cf. [8, 9] . In this way the QCD observables at the level of twist-2 are represented analytically at general scales Q 2 , parameterizing the parton density functions by appropriate non-perturbative distributions at a starting scale Q 2 0 . This also applies for a wide class of other processes, cf. [10] .
In many precision analyses heavy quark contributions have to be considered, which are more difficult to represent in Mellin space. For deep-inelastic scattering the contributions up to the O(α 2 s ) neutral current heavy flavor Wilson coefficients [11] , which are available in semi-analytic form in momentum fraction space, were given in Mellin space in Ref. [12] . The running mass effects have been described in [13] .
In the present note a fast and precise implementation of the O(α s ) charged current heavyflavor Wilson coefficients for deep-inelastic scattering is presented. In Section 2 we derive the corresponding Mellin-space representations for the charged current structure functions up to O(α s ). As a significant part of the data emerges for large values of Q 2 , we also derive the representation in Section3 which is valid for Q 2 ≫ m 2 c , with Q 2 = −q 2 , q being the four-momentum transfer, and m c the charm quark mass. We illustrate the precision of the Mellin-space implementation by comparing to the structure functions in momentum fraction space in Section 4 . Finally we remark on the Mellin space implementations of various x-space distributions used in different analyses in the literature in Section 5, which may be important to account for a higher flexibility in the choice of the non-perturbative input distributions. This will allow to perform analogous analyses in Mellin space in the future.
The Scattering Cross Section
The charged current deep-inelastic scattering cross section for ν(ν)p → l(l) + X, l(l)p → ν(ν) + X in case of charm-quark production is given by
Here the leading order splitting functions are
In the limit λ → 1 it takes the form
.
The functions h
Here S k (N) are the single harmonic sums [2, 3] 
and F 1,2 (λ, N) denote the functions
We refer to H
(1),g 2 for Q 2 = µ 2 also in the form
to correct Eq. (70) in Ref. [20] . Here, 2 F 1 denotes the Gauß' hypergeometric function Many of the contributing functions have known Mellin transforms given before in [2, 3] . Their analytic continuations to complex values of N are known, cf. [5, 6, 8, 9] . The new functions (23, 24) are solely related to integrals of the kind (26) for N ∈ N. They obey the following recursion relations
The singularity structure of F 1,2 (λ, N) for N ∈ C can be seen using the representation
where ψ (k) (z), k ≥ 0 denotes the polygamma function. Both functions possess poles in N at negative integers.
For F 1 (λ, N) one may derive a sufficiently precise representation using the MINIMAX-method. The function F 1 can be written as
The function E under the integral is approximated by the adaptive polynomial, cf. Table 1 ,
Knowing the difference equations (27,28) one may shift F 1,2 parallel to the real axis. Usually one attempts to shift towards the asymptotic region and applies an analytic representation there. However, as sometimes recommended, one may also turn the view [21] , and rather consider F 1,2 (λ, N) inside the unit circle, to obtain an even more beautiful result :
for |N| < 1. Here, Li k (x) denotes the classical polylogarithm [22] , H a (x) a harmonic polylogarithm [23] ,
and ζ k Riemann's ζ-function at an integer argument. In the limit λ → 1 one obtains
The serial representations (34, 35) are quickly converging and deliver even more precise results than using (31, 33) .
The contour integral is performed along the line (−∞, −a), (c, −a), (c, a), (−∞, a) , with a = 0.5. The choice of the parameter c depends also
We extended the integral to 1000 units parallel to the real axis. The recursion relations (27, 28) together with the series (34, 35) allow to compute F 1,2 (λ, N) along the integration contour.
Here usually the first 30 terms in the infinite sums (34, 35) provide sufficient accuracy.
The Massive Wilson Coefficients in the Asymptotic Region
In many applications the value of λ becomes close to one. Within this kinematic region
the Wilson coefficients take a simpler form, and the functions needed to express them are only harmonic sums. This has been shown up to 3-loop order in case of neutral current deep-inelastic scattering in [24] . At O(α s ) one obtains the following relations :
Here, A
lm denote the 1-loop massive operator matrix elements derived in the neutral current case and C Qg , occurs with a combinatorial factor 1/2 compared to the neutral current case. These terms vanish, because the corresponding diagrams are scaleless. Because of this no quarkonic operator matrix element contributes to (40). Eqs. (40, 41) agree with Ref. [26] .
The massless Wilson coefficients obey
where Relative accuracy of the charged current structure functions F i to O(α s ) at Q 2 = 10, 100, 500 GeV 2 , comparing the implementation in Mellin-and z-space. Here both for F 1,2 (λ, N) the analytic representation (34, 35) and their recurrences were used.
and [33]
We note that the global sign for Eq. (A1.17) of [26] has to be reversed. The gluonic contribution in charged current heavy quark production has been calculated before using two finite quark masses for e − p scattering in Refs. [27] [28] [29] and both for e − N and e + N scattering in [29] . For calculations in case of neutrino-nucleon scattering see [30] . We repeated the calculation of the gluonic contribution for a massless s-quark in the MS-scheme. 
Numerical Results
We compare the Mellin space representation given in Section 2 with the representation in x-space of Ref. [18] using the reference distribution The difference of the structure function F 2 for W + exchange for an isoscalar and a proton target using the ABKM09 parton distribution functions [31] in depending of x and Q 2 .
for both the quark and gluon densities and determine the relative accuracies |δF i |/F i for different values of Q 2 in the massive Wilson coefficients choosing m c = 1.5 GeV and the corresponding values of α
If one employs the MINIMAX representation relative accuracies of better than 3 × 10 −6 are reached below x = 0.5. For x > 0.5 the relative accuracy becomes worse. In this region, however, the charm contribution is very much suppressed, as shown in Figures 2 and 3 . Using the representations (34, 35 ) the relative accuracy is improved and amounts to 5×10 −8 at x = 10
or better growing to ∼ 10 −6 for x ∼ 0.4, cf. Figure 1 ,a-c. Beyond this value the relative accuracy becomes worse, but also the sea quark distributions are very small in this region. For comparison we note that in [20] accuracies of 0.015 to 0.002 were obtained.
In Figure 2 we show the charged current heavy flavor structure functions 2xF 1 , F 1 and xF 3 for ep-scattering and the kinematics at HERA for W + exchange and the difference of the structure functions for W + and W − scattering using m c = 1.5 GeV, referring to the ABKM09 NLO distributions in the fixed flavor scheme [31] . Results are shown for Q 2 = 10, 100, 500 and 1000 GeV 2 , (α for an isoscalar and proton target is shown. This also is a valence-like function. With the present precise Mellin-space implementations at hand one may perform QCD fits including the charged current heavy flavor contributions in an efficient way.
Parameterizations in Mellin Space
Parameterization of the non-perturbative input distribution of the parton distribution functions at a starting scale µ 2 0 containing sufficient flexibility is an important condition for the QCD analyses of deep-inelastic and hard scattering data. In the literature different parameterizations of distributions are used. A wide-spread shape has the form
The corresponding Mellin transform reads
with parameters such that N + α + δ k , β + 1 = −l, ∀l ∈ N and B(x, y) = Γ(x)Γ(y)/Γ(x + y). Eq. (54) is analytic under this condition. One may adopt the attitude to represent the non-perturbative momentum distributions of the partons, which are L 2 [0, 1] measurable functions, in terms of orthogonal polynomials, see [32, 33] . If the argument of these polynomials is x or a real power of x one may refer to structures as (54), provided the Mellin transforms exist. The fastest convergence is obtained choosing Laguerre polynomials [34] of the argument ln(1/x), [33] .
with
The Mellin transform reads
However, also other parameterizations are used in x-space analyses. One of them [31, 35] refers to the following shapes
partly with b = 0. Let us first consider the simplified case b = β = 0 as an illustration. Here, one obtains
which is easily recognized as a quickly convergent series in k. In the general case we obtain
The derivatives of the Beta-function in (60) can be calculated in a recursive way, see [3] . Let
Then one obtains
Yet another parameterization was used in [36] ,
We first consider the case δ = 0. The Mellin transform of (64) is then given by
where 1 F 1 (α, β; z) denotes the confluent hypergeometric function [37] . It obeys the recursion relation [38] 
one may extract an integer power from η such that the remainder,η, obeysη ∈ [−1/2, 1/2]. The integer contributionη = η −η is modifying the above representations but leads to the same structure. The remaining factor possesses the well converging representation
and leads to a corresponding generalization of relations (65, 67).
Conclusions
A fast and precise Mellin-space implementation of the O(α s ) massive charged current Wilson coefficients for deep-inelastic scattering is provided. This process is of relevance for the understanding of di-muon production in deep-inelastic neutrino-nucleon scattering and for the deep-inelastic charged current data measured at HERA in particular w.r.t. the extraction of the unpolarized strange-quark distribution. To represent the Wilson coefficients we used both the MINIMAX-method and completely analytic representations and exploited recurrences in the complex-valued Mellin variable N for N → N + 1. In wide kinematic ranges relative accuracies of 10 −7 and better are obtained for the deep-inelastic structure functions. Errors in the literature have been corrected. We present phenomenological applications for the structure functions F i (x, Q 2 ), i = 1, 2, 3 both for W + and W − exchange. Furthermore, we provided Mellin-space representations for a wide range of representations used in different x-space analyses. This allows both for more flexible choices of the parton distributions at the input scale using Mellin-based codes in data analyses and for comparisons with fits given in the literature. The corresponding code is based on ANCONT [8] and available on request from Johannes.Bluemlein@desy.de.
